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AnHOTamMA. AkmyaneHocms u yeau. B pabote mpeuiaraercss HOBBI METO]] MCCIICIOBAHUS
muddepeHanbHBIX ONepaTopoB ¢ pa3phIBHBIME Ko3(h¢uunentamu. M3yuaercs nocieno-
BaTEIbHOCTh MU PEpPEHIINATBHBIX OIIEPaTOPOB BHICOKOTO YETHOTO MOPSIKA, MOTEHIINAIIBI
KOTOPBIX CXOAATCS K aenbra-¢pyHKimK Jupaka. IIpennomnaraercs, 9To MOTEHIHAI Olepa-
TOpa SBISIETCS KyCOYHO-CyMMHpYeMOH (YHKIHMEH Ha OTpe3Ke 3aJaHus orepaTopa.
B Toukax paspbiBa moreHnuaga TpedyeTcs BBITOIHEHUE YCIOBHN «CKICHKN ISt KOPPEKT-
HOTO OTIPENIeNICHHs PEeIIeHUA COOTBETCTBYIONNX An(depeHInaTbHbIX ypaBHeHHH. Mcce-
JIOBaHbI CIIEKTpabHbIE CBOICTBA An(EepeHIINAIbHBIX ONEPATOPOB, 33AaHHBIX Ha KOHEY-
HOM OTpe3Ke, C OIHUM M3 BUAOB Pa3AeiICHHbIX T'PAHUYHBIX yciaoBuil. [Ipu Oombmmx 3Haue-
HUSIX CIIEKTpaJbHOrO HapaMeTpa MeronoM Halimapka mosydeHa acuMOToTvKa (yHIaMeH-
TAJILHOM CHUCTEMBI PEIEHHH COOTBETCTBYIOIMX Au(epeHIraIbHbIX ypaBHeHuit. C mo-
MOIIBIO ATOW aCUMITOTHUKH M3YYEHBI YCIIOBHUS «CKIIEHKI» paccmarpuBaemoro nuddepen-
LUAJILHOIO OIepaTopa. 3aTeM M3y4eHbl IPAHUYHBIE YCIOBUS UCCIEAYEMOIO OIeparopa.
B pesynbrate BhIBEEHO ypaBHEHHE Ha COOCTBEHHbBIE 3HAUCHHSI M3Y4aeMOro OllepaTopa,
KOTOpoOE TpeJicTaBiIsgeT coboit nenyto ¢gynkuuto. ViccnenoBana WHIMKATOpHAS AWarpaMmma
YpaBHEHUsI Ha COOCTBEHHBIC 3HAUCHMsS, KOTOpas SBISCTCS IPAaBHIBHBIM IIECHAALATH-
YTOJIBHUKOM. B pa3siuuYHBIX CEKTOpax WHAMKATOPHOM OHarpaMMbl METOJOM MOCIEI0Ba-
TeNbHBIX NpuOmmKeHnid [Inkapa HaiiieHa acCHMITOTHKAa COOCTBEHHBIX 3HAUCHHH H3ydae-
MbIX I} depeHIHaNbHEIX ONepaTopoB. B mpenensHOM ciiydae HaiileHHas aCHMITOTHKA
COOCTBEHHBIX 3HAYEHUH CTPEMUTCA K aCHMOTOTHKE COOCTBEHHBIX 3HAUEHHWH oIeparopa,
MOTEHIMAJIOM KOTOpOro sBisiercst aenbra-pyHkuus Jupaka. Mamepuaner u memooul.
AcuMnToTHKa (YyHJaMEHTAJIbHOM CHCTEMBbI peuieHui an@epeHInanbHbIX YpaBHEHUH
C CyMMHpPYEMbIMU IOTEHIMAJaMU NpH OOJBIINX 3HAYEHHSAX CIICKTPAIBLHOTO I1apamerpa
nojydeHa o0oOmeHHbIM MeTonoM Haifimapka. [l HaxoXIeHHS KOpHEW ypaBHEHUs Ha
COOCTBEHHBIE 3HAYCHUS M3y4yaeMoro omneparopa MetonoM bemnmana — Kyka uccienoBana
HWHIVMKATOpHAs AuarpamMma, KOTOopas SsBISIETCA MPABWIBHBIM ILIECHAIUATHYTOJbHUKOM.
AcCHMIITOTHKAa COOCTBEHHBIX 3HAYCHHWH U3y4aeMbIX IH((epeHIHaTbHBIX ONEePaTOpOB
B Pa3IM4YHBIX CEKTOPAaX MHAWKATOPHOW JMarpaMMbl HailJleHa METOAOM MOCIEJ0BATEIBHBIX
npubmxennit [lukapa. Pesynvmamul. VI3y4eH CHEKTp paHee HE M3y4aeMOro ceMmeicTBa
i depeHIHaTbHBIX OIIEPaTOPOB BBICOKOTO YETHOTO MOPAIKA, IOTEHIHAIBI KOTOPBIX CXO-
qares K aenpra-Gysknun Jupaka. C yueToM ycloBusSI «CKJIEHKH» B TOYKax pas3pbiBa IO-
TEHIIMAJIOB JIOKa3aHO, YTO YpaBHEHUE Ha COOCTBEHHbIC 3HAUECHHS NPEICTABISIET COOO0M KBa-
3UMOJIMHOM, KOPHM KOTOPOTO MOXKHO Haiitu meronoMm bemnmana — Kyka. AHanmormuxsle
pe3yapTaThl MOKHO MOJYYHUTh M JUIS JPYTUX BUAOB Pa3/CIEHHBIX I'PAaHUYHBIX YCIOBHH.
Buioowi. TlomyueHHbIe HOBBIE pe3yJbTaThl 00 aCHMITOTHKE CIEKTpa cemeicTBa audde-
PEHIMAIBHBIX ONEpPaTopoB MOTYT OBITh MPHMEHEHBI K MCCIEIOBaHHIO 0a3HMCHOCTH COO-
CTBEHHBIX (PYHKIMI aHAJOTWYHBIX ONEPATOPOB, M3y4eHHI0 (QYHKIHMM [pHHA M BBIYMCIIE-
HUIO (POPMYJT PETYJIIPU30BAHHBIX CIIEOB OTNEPATOPOB, IOCIEI0BATEILHOCT TOTCHIIMAIIOB
KOTOPBIX CXOAUTCS K AenbTa-pyHkuun Jupaxa. MeTos nenbTa-IoTeHIMAIOB TPUMEHSIETCS
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Abstract. Background. The paper proposes a new method for studying differential opera-
tors with discontinuous coefficients. We study a sequence of differential operators of high
even order whose potentials converge to the Dirac delta function. It is assumed that the op-
erator’s potential is a piecewise-summable function on the segment of the operator task. At
the points of discontinuity of the potential, the fulfillment of the “gluing” conditions is re-
quired to correctly determine the solutions of the corresponding differential equations. The
spectral properties of differential operators defined on a finite segment with one of the
types of separated boundary conditions are investigated. For large values of the spectral pa-
rameter, the Naimark method is used to obtain the asymptotics of the fundamental system
of solutions of the corresponding differential equations. With the help of this asymptotics,
the conditions for “gluing” the considered differential operator are studied. Then the
boundary conditions of the operator under study are studied. As a result, we derive an ei-
genvalue equation for the operator under study, which is an entire function. The indicator
diagram of the eigenvalue equation, which is a regular hexadecimal, is investigated. In var-
ious sectors of the indicator diagram, the method of successive Picard approximations has
been used to find the eigenvalue asymptotics of the studied differential operators. In the
limiting case, the found asymptotics of the eigenvalues tends to the asymptotics of the ei-
genvalues of an operator whose potential is the Dirac delta function. Materials and meth-
ods. The asymptotics of the solutions’ fundamental system of differential equations with
summable potentials for large values of the spectral parameter is obtained by the general-
ized Naimark method. To find the roots of the equation for the eigenvalues of the operator
under study, the Bellman-cook method is used to study the indicator diagram, which is a
regular hexadecagon. The asymptotics of the eigenvalues of the studied differential opera-
tors in various sectors of the indicator diagram are found by the method of successive Pi-
card approximations. Results. The spectrum of a previously unexplored family of differen-
tial operators of high even order whose potentials converge to the Dirac Delta function is
studied. Taking into account the “gluing” condition at the points of discontinuity of the po-
tentials, it is proved that the eigenvalue equation is a quasi-polynomial, the roots of which
can be found by the Bellman-Cook method. Similar results can be obtained for other types
of separated boundary conditions. Conclusions. The new results obtained on the asymptot-
ics of the spectrum of a family of differential operators can be applied to the study of the
basis property of the eigenfunctions of similar operators, the study of the Green’s function,
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and the calculation of formulas for regularized traces of operators whose sequence of poten-
tials converges to the Dirac delta function. The delta potential method is used in physics to
study short-range impurities and defects in various systems. In atomic and nuclear physics,
the model of point potentials is very popular; this confirms the need to study operators with
delta potentials.

Keywords: differential operator with discontinuous coefficients, asymptotics of differential
equation solutions, piecewise-summable potential, Dirac delta function, asymptotics of ei-
genvalues, spectrum of the operator

For citation: Mitrokhin S.I. On the studying the spectrum of differential operators’ family
whose po-tentials converge to the Dirac delta function. Ilzvestiya vysshikh uchebnykh
zavedeniy. Povolzhskiy region. Fiziko-matematicheskie nauki = University proceedings.
Volga region. Physical and mathematical sciences. 2021;1:20-38. (In Russ.). doi:10.21685/
2072-3040-2021-1-3

BBenenue

N3yunm cBoicTBa criekTpa cemeiicTBa nuddepeHInaIbHbIX OINEpPaToOpPOB,
3aaBaeMbIX TU(GEepeHINATBHBIMYE YPAaBHEHUSIMU

A0 (DI (x) =2 (), 0% x <2050 W
W () + 42 (x) 2 (1) =200 (x), iy €300 20, €00 S0 @)
W (0)+ g5 (x) 33 (x) =23 (x), x3, << ©

npyu 5ToM Ha noteHuman Q(x)= (‘11 (x);q2(x); 93 (x))* HAKIIA/IBIBAIOTCS CIIEMYIO-

e yCJIOBU::
1 ()= 0.€ [0:31, )i 3 () = 0. v€ (i
X
2 (x)€ L [x15 %0, ] © I%(Odt x=q; (x) pp nalx,:x,];
Xn

hm q2 (X)ZO, hm Q2 (X):+°°; hrn q2 (x):-l—oo;

X=Xy, +0 x—x9—0 xX—xy+0
X2
lim g, (x)=0; [ g5 (r)dr=1; 4)
X—=X,,—0 .
1n

B TOYKaX pa3pbiBa KOIPPHUIIHECHTOB TPEOYIOTCS CIICTYIOIIHE YCIOBHS «CKICHKID:
31 (510 =0)= 2 (5, +0): ™ (3, =0) = A" (3, +0).m=1.2,..15, (5)
12 (520 =0) = 3 (32, +0)24™ (32, = 0) = 4" (23, +0).m=1.2....15; (6)
C TPaHUYHBIMH YCIIOBHSMH BU/IA
A =1 0)=.= 1" (0)= 4" ()24 (1) =15 (m)=0. )
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VYcnoBus (4) obecnieunBaOT HaM IIPEIETbHBIE COOTHOIIICHUS

lim g, (x)= lim g;,(x)=8(x-xp),
H—>+oo H—>+oo

nmo3TroMy mpezaen crnekrtpa omeparopa (1)—(7) mpu n— +eo OyAeT coBMagaTh CO
CIIEKTpOM UG PepeHIIHANTEHOTO orepaTopa

PO () +8(x—xp )y (x) =2a'® 3 (x),

*

0<x<m 0<xo<m, y(x)=(y(x):y2(x):3(x)) .

C TPAaHUIHBIMHA yCIIOBUIMH (7).

Pa3BuTHe cniekTpallbHOM TEOpPUH HIET B CTOPOHY YMEHBILIECHUS TJIaJIKOCTU
ko3 dunrentoB nuddepeHIanbHEIX ypaBHeHUH, 3anaromux auddepeHnnans-
HBIe oreparopsl. [lnddepeHimanbabie onepaTopsl BTOPOro MOPSAKA ¢ KyCOYHO-
TIaJKAMU KO3 QHUIIMEeHTaMH, B TOM YHUCIIE C KyCOYHO-TIAIKONH BECOBOH (yHKIIH-
ell, m3yvyanuch B padotax [1-5]. HeoOxomumocTs TpeOOBaHUS BBIMOJIHEHUS YCIIO-
BUN «CKJICHKW» WM YCJIOBHH «COMPSDKEHUSM» B TOYKAX pa3pbiBa KOAI(PHHUIIMECHTOB
o0BscHEeHa B MOHOTpaduu [6, Ti. 3].

Omneparopsr HItypma — JInyBWIIIS ¢ CHHTYJISPHBIMEA KO3 QUIIMEHTaAMH U3Y-
4eHbl B pabote [7]. B cTarbe [8] BBIUKCICHA aCHMITOTUKA COOCTBEHHBIX 3HAUCHUHN
U aCUMIITOTHKA COOCTBEHHBIX (yHKIMU omepaTtopa lltypma — JlmyBmins Ha OT-
pe3Ke ¢ CyMMHUpPYEMBIM MOTeHIManoM. B pabotax [9—13] aBTOpOM TMIpemIokeH
JIpyroi MeToJ Ut 0000IIeHUsT Pe3yIbTaToB paboThI [§] Ha pa3TUYHBIE THITHI OTIe-
PaTOPOB MOPSIKA BBIIIE BTOPOTO C CYMMHPYEMBIMH KO3 QUITUSHTAMHY.

B cratbsax [14—16] BeIYHCICH PETYISPU30BAaHHBIA CIIE TIEPBOTO TOPSIKA
JUTSL OTIepaTopa BTOPOTO TOPSIIKA C JeNbTa-MoTeHnnanoM. Heo0XxoamMocTs n3yde-
HUS ONIEPATOPOB, OTEHIMAIAMH KOTOPBIX SBIISIOTCS AeNbTa-(QyHKIINY, CISAYET U3
(hu3ukK: 3TOMY MOCBsIIEHBI padoThl [17, 18]. Haia 1ienb: moJiyduTh aHaJIOTHYHBIC
pe3yabTaThl Ui ONEpPaTOpOB IOPSIKa BBIIIE BTOPOTO C IENbTa-MIOTEHIIMATAMH,
npUOMIKas Takue TOTEHIMANBI ITOCIEI0BATEIHPHOCTRIO KYCOYHO-CYMMHUPYEMBIX
noteHIaioB. COOCTBEHHBIC 3HAUEHHUS TaKUX OIMEPATOPOB OYIYT PacroiOKECHBI
Oeckoneuno Omu3ko. HeoOxommmasi Teoperwueckas 0aza HCCICIOBAHHUS TaKHX
OTIepaTOpPOB C KyCOYHO-Pa3phIBHBIMU KO3(PPHUIIMEHTAMI HITH KyCOYHO-Pa3pPBIBHOM
BeCOBOH (yHKIHEW moiroToBieHa padboramu [19, 20].

1. AcumnroTuka pemieHuii uddepeHIUAIBHBIX
ypaBuenuii (1)—(3) npu A —
_Jde _ _ 1\6/_ -
Ilycts A=s",s='\/T, OPA 3TOM ISl KOPPEKTHOCTH JATBHEHIINX BBIKIIA-

JOK 3a)UKCUpyeM Ty BETBb apU(pMETHUYECKOTO KOpHS, Ui KOTOpPOH 191 =+1.
O6o3naunm uepe3 wy (k=1,2,...,16) pasindHble KOPHHU IIECTHAAUATONH CTCICHH

n3 CAUHUIIBI:

2mi
(k-1
wio =1, szelé( ), k=1,2,..,16;

w =Lw, =¢l6 zcos(g)+isin(gj=z # 0;
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s W, =2z 1, m=12,.,16. ()

Toukn wy, (k =1,2,..,16) u3 (8) mENAT CAMHUYHYIO OKPY’KHOCTb Ha LICCTHA-

JIITATh PAaBHBIX YaCcTeH W I HUX CIIPABEIMBEI CBOWCTBA:

16

D owi =0, m=1,2,...15;

k=0
16 16
D ow=0,m=2,3,..,16; > w{' =16,m=0,m=16. Q)
k=0 k=1

Meronom crateit [9, 20] u moHorpadmm [21, 1. 2] moKa3bIBaeTCs CICHyIO-
1ast Teopema.

Teopema 1. OOmme pemenus auddepenunansueix ypaBHeHui (1)—(3)
NPECTABIAIOTCS B CICAYIOIEM BUJIE:

16 16
yl(x;s)zzclkylk(x;s); yl(m)(x;s)zzclkyl(li")(x;s), m=1,2,...,15; (10)
k=1 k=1

yig (x:5) = e 0 (225) = (s €™, m=1.2...15:k =1.2,...16; (1)

16 16
12 (565) = D Coprap (58 )s A" (9)= 3 o) (s, m=1,2...,15; (12)
k=1 k=1
1 16
c o) = @S awgsx
Nk\x.s)=e - ) Wy€ X
2k (%:5) 16a15S15nZ:‘{ n
r 1
—w, )st
xj 42(Z)ea(wk W, )s dt yjon +Q[Wj; k=1,2,...,16; (13)
Xn §
(m) . — m aWkS)C_ 1 16 m awnsx
vy ' (x:8)=(awgs)" e —an (aw,s)" e X

15 _15
l6a~s ™~ 5

X
_ 1
xJ' qz(t)ea(wk Wn)s’dzakﬁg(mj; k=1,2,..,16; m=1,2,...15; (14)
Xn §
16 (m) 16 (m)
» (x;s)=ZC3ky3k(x;s); » (x;s)zZC3ky3k (x;8); m=1,2,...,15; (15)
k=1 k=l

vk (x55) =M ygm)(x;s)z(awks)m e k=1,2,..,16; m=1,2,...,15; (16)
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Bemmanner  Cyy,Coy,Cay (K =1,2,..,16) B dopmymax (10), (12), (15) -

IMPOU3BOJIBHBIC MOCTOAHHBIC, IMPU 3TOM CIPABCAJIUBLI CJICAYIOINHUC HAaYaJbHBIC
yCII0BUsI:

yik (055)=1; yf;T)(O;S)=(awks)m; yar (xip58)=e

awysxy, .
2

awysxy, .

5 yag (xgps8) =M

A (x155) = (awgs)" e

A (x355) = (awgs)" ™52 k=12,.16; m=1,2,..15.  (17)

2. U3y4yeHue ycaoBuil «ckiaedkmn» (5)

W3 ycaoBwmii ckneiiku (5) ¢ momombio dhopmyi (10) u (12) momygaem:

(5)
2 (X1, +055) = yy (31, —038) &
16 16
& Y Copvap (x1, +0:5) = D" Cipie (31, = 035); (18)
k=1 =1
ygm) (x1, +0;5) (i) yl(m) (x1,, = 0;5) -
(as)” (as)”
o (%10 +035) & W) (%1, = 0;5)
Y Oy N T 2 12,15, (19)
k=1 (as) k=1 (as)

Cucrema (18)—(19) umeer enMHCTBEHHOE pEIICHUE, TAK KaK €€ ONpeaeiu-
TeNb HE PaBEH HYJIIO:

Ay Ay Ar 16
Cy = ;CHy = 1y Cy g =—————, (20)
21 g (1s) 2077 Mgy (x35) 2107 Agy ()
yar(xs)  yp(ws) . y2,16(x;5)
Var(xs) ¥ (%) Va16(x:9)
as as as
Mg (x;5) = o (21)
15 15 15),
W () ) (59) yg,m)(x,s)

onpezenutent Ay, u3 (20) momydarorcs u3 ompexemurens A, (x,5s) u3 (21)
3aM€eHOU k -ro cToJ0a Ha CTOJIOEL:

S 16 ! . 16 (15) Y
C Yik (X1, =0;s g (X1, = 059)
Z lkylk(xln_();s);z Clkm;m;zclk%

(22
k=1 k=1 as k=1 (as
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Onpenemutens Agy (x;s) u3 (21) sBsiercs ompegenureneM Bpockoro

o . 16 .
(dyHIaMEHTaIbHOW CHUCTEMBI PEIeHUH { Yok (x;s)}k_1 nuHelHHoro auddepeHm-

aNBHOTO ypaBHEHUs (2), TOATOMY OH HE paBeH HYJIO U HE 3aBHCUT OT Xx. B cuy
dopmyn (13)—(14) u (9), (17) monygaem:

Az (x35)= A0z (5)=Ap2 (x1455) =
—detWr[yzl(x 5);322 (%:8)5.5 7216 (%35) ] Agp #0, (23)
rae Ay — onpezaenutens BanaepMonaa uncen wy (k 1,2,.. 16)

Ago = detWandermond’s (wy,wy,...,wg ) =

1 1 | T | 1
Wl W2 W3 W15 Wl6
2 2 2 2 2
= Wl W2 W3 WlS Wl6 =
15 15 15 15 15
w oWy W3 ... W5 W
= JI  (w—wn)=200 %0. (24)
k>m;
k,m=1,2,...,16

Hcmonp3yst cBolicTBa ompenenurtenied, moactaBuM dopmynsl (22), (11)
B (20)—(21), BeIBeieM cnenyromnie GopMyIIbl:

A1 =A00Cr15 A2z = ApoCras -5 Az 16 =A00Ci 16 (25)

3. U3yueHue ycaoBHii «ckJaekn» (6)

[Moacrasmsst popmydst (15) u (12) B ycnoBust «ckineikn» (6), moiaydaem:
(6)
Y3 (x2n +0;S) =) (x2n _O;S) A
16 16

& D Cypyyp (32, +0:8) = Y Copyap (%2, = 035); (26)
=1 =1

y_g,m) (xln +0;S) (i) ygm) (x2n _O;S) PEN
(as)” (as)”

16 (m) +0: 16 (m) _0:
@ZCM Vi (xznm ,S) ZZCZk w”m’s)’ m=1,2,.,15. (27)
k=1 (as) k=1 (as)

Cucrema (26)—~(27) Takke UMeeT SAMHCTBEHHOE PEIICHUE, TaK KaK €e OIpe-
JIJIATENh HE paBEeH HYIIO:
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Az A Azs6
Gy = G = 3 C316 = (28)
Ag3 (x;5)#0 A3 (x:5) Ag3 (%:5)
va(xs) - ya(xs) o ype(ns)
’ ’ ’ .
yi(xs)  ya(xs) 316 (%:9)
as as as  |(16)
Agy(x:s)=| =
15 15 15),
A ) A (s ()
Misx e W2sx eMi6sx
(16) Wleawlsx erawzsx Wl6eawl6sx
WllS IMSY W%Seawzsx Wllgeawlésx
- ea(wl +w2+...+w16)sxA00 - eOAO0 - AOO £0, (29)

oIpelenuTen Az (k =1,2,..,16) u3 dopmyst (28) monyyaroTcs U3 ONpeeIUTe-

11 Ags (x,58) U3 (29) 3ameHo# & -ro cronbua Ha cronber:

*

16 16 (15)

Yok (X ; Vor (X2, —0ss
> Copyap (%2, =0 ZCZ —Zk( 21 ZC e (( 2n ~0is) , (30)
k=1 k=1

rae k=1,2,...,16.
Hcnonw3ys cBoiicTBa ompenenutene, nojactaBuMm ¢opmyisl (30) B (28)—
(29), Haxomum:

16

k=1

ompenenurend Az, U3 dopmynel  (31) monydarTCs U3 ONPEACTUTENS
Aoz (x2,58) m3 (29) samenoit p-ro crombua (p=12,..,16) Ha cronbey
NoJTyvaeM:

*

' . (15) .
Yok (X2n =055 y Xy, —0;s
Yk (%2, = 0;5); 2 (X2 ) 2k (2"15 ) , (32)
as (as)

p=12,.,16.

[Mpumenss popmyast (13), (14), uz (31), (32) nonxyqaem:
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1 16 X 1
8k _vl_szwngn +Q(—S30j & 816
n=l Hn akn
1 16 Xon 1
A, = | W8k _Tszwnwngn j- +Q(—30j w282 Wi6816|. (33)
31k Voon=l W S ’
15 1S s | 1 15 15
WE gk =15 2 Wn W €n J +Q(w] Wy g2 Wi6816
Vo= s
n=1 Xn akn
X2n
g =™ =1,2,..,16;v"° =164"%s", unrerpams oTIpesIeNeHbI
M Jakn

¢dopmymnamu (13)—(14).
PacknansiBast onpenenutenu Aszq, u3 (33) mo cronbuam Ha cyMMy ONpefe-

JIUTENEH, TTOTyYaeM:

1
A3k =D31k,0 — 1575 A31k.15 +Q(Wj’ (34)
16a
8k g2 816
Ar | k8K 282 We8i6| | 0,k=2,3,...,16; (35)
31k Agg k=1
15 15 15
Wk 8k W2 82 M6816
1 1 1
2N x2n W W W
1 p) 16
A3lkis = D W 88283 () g16 =
n=l1 X
n Jakn | 15 15 15
L ] M6
Xon
0
w Agoe ,n=1k=1,2,...,16;
= 36
Xn akn ( )
0,n=2,3,...,16.

Berancisist onpenenurens Az, (m=2,3,...,16) u3 (28), (31) ananormuHo
omnpeaenutensiM Az, u3 (33)—(36), BIBOAUM cienyromue GopMyJIbl:

1

Aspk =D3pk0 =573 (7
P PR 160151

1
A3 pi 15 +Q(SWJ; p,k=12,..,16,
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0, p#k; pk=12,..16;
A3pk:{A . (38)
00> K= D>
Xon
Aspigs=Boowy| [ | 5k p=12,.16. (39)
Xn akp

Takum o6pazom, u3 popmy (34)—(39) Haxomum:

X
Wk
Agige =Ao0 | 1-—1—=| | - +0£ J , k=1,2,..,16; (40)
515 30
16a "s S o
Xon
w
_ __ " o
Bapk = oo | 1=~ [ +0( 30] , k#p; k, p=1,2,.,16. (41)
Xn akp

®opmyst (20), (25), (31), (40), (41) NO3BOAAIOT U3YUUTH TPAHUYHBIE YCIIO-
Bus (8).

4. N3yuyeHue rpaHU4YHbIX yca0Buii (8)

IMoncrasusist popmynsl (10)—(11) B mepsble 13 TpaHuuHBIX ycnoBuit (8),
MOJTy4aeMm:

( )(Os)() 16 ( )(O;s)

16
e Xe T —0e Y Gy =0, p=12,..,13. (42)
(as) P k=1 (as) P k=1

W3 mocnennux Tpex rpaHUYHBIX ycinoBui (8) ¢ momometo opmyn (15)-
(16), (28), (31) u (20) HAXOAWM:

(7) (. \(8) 16 () (. 16
y3 (::’S) — 0 = ZCSk ylk (TE,S) :0 P ZC3kWZreaWksn — O P
(as)™ k=1 as)” k=1

16 16 ( 16

A3k n, aw,sT n

= E—wre P =0 E E Cy, A wire™eTt = ) o
= Ag3(s)#0 g 2o )Tk

k=1\n=1
16 A
‘:’Zcqu)zkr (ms) O@Z 2k (pzk’r(n;s):O@
k=1 = Aoz (s
> AgoCik &
Y ko (Ts) =0 Cpoy, (Ts)=0, r=1,2,3,  (43)
k=1 AOZ (S) k=1
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16
Oopy (M8) =D Az e, 1 =1,2,3. (44)

n=l

Ypasuenus (42)—(44) o0pa3yOT cHCTeMy W3 IIECTHAMIATH JIMHEWHBIX OJ-
HOPOJHBIX ypaBHeHuil ¢ 16 nemssectHeiMu C1,Ciy,...,C] 16 . Henynessie perue-

HUSI TaKasi CUCTeMa UMEET TOJIBKO B TOM CIIydae, eCiM €€ ONpeleNInTeNh paBeH Hy-
JI10, TIOATOMY CIIPaBEIUIHBO CIIEIyIONIee YTBEPIKACHUE.

Teopema 2. YpaBHeHue Ha cOOCTBeHHBbIC 3HaucHUs auddepeHImaTLHOrO
onepatopa (1)—(7) umeeT cnenyrommuii BUI;

w wgll wl”,lj1 w1m6l
wlm2 wng Wl";z wlnéz
f(s)= w1m13 w’2"13 Wln’l513 W1m613 =0, (45
@21,1(7535) (Pzzl(TE s) - (Pz,ls,l(n;S) (P2,16,1(7T;S)
(le,z(n;s) @222(“ ) @2,15,2(7595) (P2,16,2(TCQS)
@213(“55) 4’223(7t 5) (P2,15,3(7‘;S) @2,16,3(7‘5S)

bynkmn @y, (M55)(k=1,2,..,16;7=1,2,3)  onpenenensr dopmynamu  (44),
(40), (41).
Hpumensist popmyiry Jlamnaca, pasnoxum onpenemurens f(s) u3 (45) mo

MOCTIETHAM TPEM CTPOYKAM, TTOTYIHM:

m m m
®o11 P21 P3| Wy Ws . W
f(S): (p21’2 (p22’2 ([.)23’2 3 e | —
M3 3 M3
0213 P223 P33 Wy W - W
m m
®21 P31 Gag| (W s M6
— (1022’2 (923,2 (p24,2 B e |+
P23 9233 P243] 3 Wi
ml m ml m
0231 P41 P251| |M Wyl wgl e W
+ (p23’2 ([)2472 ([)25,2 ... e |—..=0. (46)
M3 3 3 M3
$233 @243 P2s3| |3 Wi wi L owig

Jnst HaxoXkIIeHnsT KOpHel ypaBHeHUs (46) He0OXOIMMO U3Y4YHTh TaK Ha3bIBae-
MYI0 HHAWKATOPHYIO AUArpaMMy 3Toro ypaBHeHU (cMm. [22, ir. 12]). U3 dopmy (44),
(40), (41) cnemyet, 4TO MHAWKATOPHAS AUarpamMma ypaBHEHUs (46) — 3TO BBIMyKJIas

000JI0YKa MHOXKECTBA TOYEK {Wk +w, +w,, ktm,k#p; k, m,p=1,2,...,16},
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KOTOpas sABJISAETCA IPAaBUIILHBIM IIECTHAALATHYTONLHUKOM DDy Ds...Di5Dy¢,
BEPIIMHAMHM KOTOPOIO SBISAIOTCA TOUKH Dj(w) +wy +w3), Dy(wy +w3 +wy),
Dy (w3 +wy +ws),..., Dig(wig +wis +we)s Dys(wis +wig + W),
Dig(me +w +wp); Touku  Ep,, (Wi +w, +w,) 0pH YCIOBHH |k— p| =2,
| p —m| 22 umm |k - m| 22 1nonajaroT BHYTPb 3TOIO NPaBUIILHOTO INECTHAATH-

YTOJIbHUKA, IPU HAXO0XICHUU KOpHEW ypaBHEHUS (46) X MOKHO OTOPOCHTH, TaK
KaK OHM IPEACTaBIIAIOT COO00H OECKOHEYHO Masble BeauMuuHbl. KOpHU ypaBHEHUS
(46) HaxomaTcs B 16 cekTopax OECKOHEYHO Majoro pacTBopa, OMCCEKTPHUCH KOTO-
PBIX SIBIAIOTCA CEPEIUMHHBIMH MEPIEeHIUKYIApaMH K CTOpPOHAM IIECTHAIIaTH-
yroneHuKka Dy D, Ds..DysDjg.

W3 xuuru [22, tn. 12] caemyeT, 4yTo s HAXOXKICHUSA KOpPHEH ypaBHEHUS
(46) B cexTope, NepHEHAUKYIAPHOM cTopoHe DjD,, B 3TOM ypaBHEHHHM HEOOXO-
JMMO  OCTAaBUTh TOJBKO OKCIIOHEHTHl C TIOKa3aTelsIMH W +Wp +w3 H
Wy +wy +wy . CipaBeJUIMBO CIIEYIOIIEE yTBEPKICHHUE.

Teopema 3. YpaBHeHHe Ha cOOCTBeHHbIE 3Ha4YeHUs AupdepeHnrnanIbLHOTOo
oneparopa (1)—(7) B cexrope, NepneHIUKYIIPHOM CTOpoHe DjD, MHIAUKAaTOPHOM
JUarpaMMbl, UMEET CJICIyIOIUHI BUA:

0211 (5) @21 (M55) @3 (T05s) thnl Wgnl W1m6l
h(s)=|@a12(ms) @po(ms) @up(ms)| . o o |-
©213(ms)  @3(ms)  @x33(ms) wyl o owe L wd?
0221 (155) @231 (ms)  @ogy(ms)| (W™ wg" e
—|0222(ms) @p32(ms) @4 (ms)| e e [=00(37)
(P22,3(7US) (P23,3(7T5S) (P24,3(75;S) wl’"13 wg”B wl"é”
[Mpumenss Gopmysr (8), moryaaem:
W] L
W{'”IS W;”B Wl”Slls 1m3 o pmz o 12mg

=det Wandermond‘s(zm‘ 7™M M3 ) = H (ka " ) =R;3#0; (48)

k>p
k,p=1,2,...,13
3m 4m 15m
m m m 1 1 1
Wy Ws wie | |* 20 (4s) 13
=| ... = Zz 13R13,M13 szk;
WZIU Wm13 WIMGB Z3m13 Z4m13 lem13 k=l
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wi wii wih wht
1 5 16 5 2 1 ](48) 4M13R (49)
= ... = Zz 135+
3 3 3 3 3 3
Wl WS cee Wl 6 WS cee WZ Wl

MoncraBum  dopmyner  (48)—(49) B ypaBHenue (47), momenuMm Ha

Z3M13Rl3 #(0, ydTeM CBOMCTBa OIpEACIUTENICH, MPUBEIEM €T0 B CICAYIOMEMY

BHLY:
(P21,1(W;S)—ZMB(PMJ(W;S) 0221 (m5) @23 (m55)
Iy (5)=|0212 (1:5) = 213004 5 (T:5) @22 (Mis) @235 (ms)[=0.  (50)

M
0213 (T58) =27 B3040 (T5s)  0223(T5s) 9233 (m:s)
IIpumenss popmyst (44), (40), (41) 1 ocTaBIsAA TOIBKO HEOOXOMUMBIE TSI
ea(w1+w2+w3 )sT

CEKTOpa, MEpHEeHAUKYIIPHOro cTopoHe DjD,, 3KCIIOHEHTHI

ll(W2+W3+W4)STE 1
e , IPOMU3BECIAEM BBIYUCICHHUA C TOYHOCTBIO 10 Q ? " IIPUBEAEM
S

ypaBHeHHE (50) K creayomeMy BUILY:

al wy+w,+wn )STU
hl(S):[lesA311A322A333e CrtwptwsJom_

M a(w4+w2+w3 ST
=z B3T423A34448327A333€ b

a(w2+w3+w4)s1t
+{T423A341A322A333e -
M a(wi+w,+wy )st = = 1
~2MI3T, 3041 48 Ay ) +0(1)}+Q @)=O; (51)
S
n n n m m 2m
wi oy wy! 1 z z
1 2 3 (8)
Tixz = wln2 wgz wgz =2 2 |
W1n3 Wg3 W:’;S 1n3 Zl’l3 ZZn3
= (zn3 —z™ )(zn3 -z )(zn2 — M ) =113 %20; (52)
}’ll nl nl nl }’ll }’ll
wyl oyt owy wyt o owyl o wy
n n n n /A n
Ly =wy® wy? wy?|=lwy? wg? o wy?|=
3 3 3 3 3 3
we oy owy wyt o owyd o wy
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2 3 N :
=|z" 2 72| =2703T5, N, =an. (53)
k=1

Moncrarnsist  popmyner  (52)—(53) B ypaBHenuwe (51), moaenum Ha

a(w4+w2+w3 )STC

Tipze # 0, momyunm:

- i M~ N
hl(S)Z[A311A3.22A333€a(w1 W) _ Mis 3A344A322A333}r

- 1
+[ZN3 Agg1BarnAyss 2" Az 4 As Mgz W4)sn:| +Q(Wj =0. (54)
S

Ucnonesys popmynst (40)—(41), npuBenem ypaBHeHue (54) k cienyomemy

BUAY:
( ) W1+W2 +W3 T 1
hy(s)=| A0 Mt watws ) g, 11+Q(—J -
16a15S15 1 a S30
—Z z —_—— q> 2 TU| — -
166115515 1 a S30
1 X

W4ZN3 J' 4> (t)ea(wl—w4)sndta14 _ W4ZM13ea(wl—w4)sTt %

X

166115515

n

X2n
X I 92 (f)ea(w4_wl)sndta41 +Q[%) =0. (55)
N

Xin

OcHOBHOE IpUOIMKEeHNE YpaBHeHHS (55) nMeeT BUI

2mi, o 2m
ea(wl—w4)sn — M3 Ny _ 2mik , 16 136 16 ° o
2ik - Mz + N
S Sk Loon = k=k+—1B "3 keN. (56)

a(Wl_W4)’

N3 oOmmieit Teopun HAXOXACHUS KOPHEH KBa3HUIOJMHOMOB BHAa (56) (cM.
[22, tn. 12; 23]) cnexyer cupaBeNIMBOCTD CIACIYIOIIETO YTBEPKICHUS.

Teopema 4. AcMNTOTHKAa COOCTBEHHBIX 3HaYeHWU AMQQepeHINaTEHOTO
oneparopa (1)—~(7) B cexrope, nepneHIUKYIIpHOM CTOpoHe DjD, MHIAUKaTOPHOM
JuarpaMMbl, UIMeeT CIeAYIONINA BUI:
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511 (n) = 2i {l€+ dis 1 (n) +Q(,§o ﬂ’ (57)

a(Wl —W4) s

M
L Mis +N3
16

k=k , k=1,2,3,...

Joxa3zareascTBo. U3 popmynel Makiiopenna cienyer:

:exp|:a(w1—w4)1t 2 )(lg+d15’f€’l(n)+...ﬂ:

a(w —wy

a(w—wy )sm

e

Sk,1(”)

2nid
_ M3 N {H ! 15,k,1(”)+Q[LH;

]€15

15 15
Ca”(w—wy) T 1 1
ST ,;T(”Q(,;?D- (>8)

[oncrasmss popmynst (57), (58) B ypaBHeHue (55), BEIYUCIIIEM:

15
Sk,1(”)

X

1:715 ]’C‘SO 16a15215i15 élS

>{H{{é€ﬂ?@ﬂﬂwmﬁ{{z%]—

Xn

/ 15 15
M3 N {1+2nld15,k,1(”)+Q( 1 H L mtwy tws)a (w —wy)

16413215 15715 J. g2 (t)dty2y +0O F

Xn

15
My Ny | (W w3 +wy)a (w—wy) Y ( 1 j
—Z z 1- W —

15 15 Xon ~
1 a”(w—wy) N. ki
_ _ Wyz'3 J. 9> (t)e dt, 14—
16a15 215i15k15

Xn

X2n ~
—\4}121‘/[1321‘/11321\]3 j 9 (I)E_and[a4l +Q(l€%jzo' (59)
Xn

Ipum 1/ K0 s ypaBHeHuH (59) nonyvaercs BepHoe paBeHCTBO. [IpupaBHUBas

B ypaBHeHUH (59) xod¢ddunmenTs! mpu 1/ Kk , BEIBOJMM CIIEYIOILYIO (hopMydy:

i T i
16 | xy, e . T 2T
W —wy) el 2j| —= ——M;
d15k1(”)=—( j 92 (t)dig + —lelbel6Tx
w 16m2'616 wy —wy 2i

1n
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xZn B Tmi 27 xZn ~
i - 2N-3 )kt
X J. q> (t)ezkndta14 —e 16 e 16 J. q> (t)e 2kndfa41 . k :1,2,3,... (60)
xln xln

[Mpumenss popmymny (8), HaxoaAUM:

Tmi
. 16 .
LA E———. L U LR W L T
W — Wy —Tmi ﬂ:; . (3m 16
e 16 [1_c16 S e

[Moxacrasmsist popmyany (61) B (60), momyyaem:

7 . 16( 3™
1 on
(-1)" sin (16)
X

d =

1541 (1) 161
Xon 1 X2 3TC 311:

X j q> (f)dtall—ﬁ j q> (t)sm(2kt+E—EM13]dt , k=1,2,3,... (62)
X1n sin E Xn

Haxons npenen npu n — +eo , u3 popmynsl (62) noixydaem:

(@(—U7ﬁnm(?gj
X

lim d =
n;r-lkloo 15k1(n) 16T

1 ~ 3n 2.
X|]———— lim t)sin| 2kt +———M;, |dt |,
. (3njnﬁ+m a2(1) ( 16 16 13)
Sin E X1n

3Ta hopMyIia gaer cuekTp npenensHoro omnepartopa (1)—(7) ¢ moTeHIMaIOM Jeib-
Ta-(QOyHKIIHCH.
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